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Abstract: To study the unipotency of free group generated by two elements some combinations of pimitive ele—

ments are discussed based on the combinatorial group theory and some new systems benefit to studing the unipoten—

cy will be proved. It will prove that the group must be unipotent if and only if it can be imbedded into general linear

group Cg,.and each primitive element is unipotent.
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Let G= A B) be a finintely generated sub-group
of C,, . (C,,, denotes the general linear group genera—
ted by matrix of order n) . The group G is called unipo—
tent if every element of G is unipotent i.e. for each
element P e G there is a positive integer m such that
(P-E)" =0 where E is the unit. Obviously in this
case G is conjugate to a subgroup of the group of all
upper-riangular matrices and hence is solvable. What
happens if we consider a smaller class of elements of
the group? Consider the free group generated by

1 1 0
o
unipotent but the group is not unipotent because
1oy 1 17 11 17!
R
: 2014 -06 - 05

(1972—)
(1986—)

. In this case the generators are all

1
and [
1

There is an open question that whether the free
group is unipotent when each primitive element is unip—
otent. Vladimir P. Platonovand Alexander Potapchik
had proved such theorem

Theorem A LetA BeC

ery primitive element in A and B is unipotent with Jor—

ixn- Assume that ev—
dan blocks of size at most 3. Then the group generated
by A and B is unipotent.

In 2012 O. 1. Tavgen ’
case and proved

Theorem B The image p( F(x y)) CGL(7
C) is unipotent if each primitive element is unipotent.

Untill 2013
y¥)) CGL(n C) is unipotent under the assumptions

considered the general

it is proved that the image p( F( x

that each primitive element is unipotent and n is at
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3 i k—i

most 7 7 . tr'(lHkBH' llg) -0 (5)
The study of unipotency will benefit Lie algebra. = k-0t

It is obvious that a Lie algebra linear-generated by H T i tr( H'BH"'B) -0 (6)

EC“XH
by A=H +FE B =T +FE is unipotent.

The case n =8 will be discussed in this paper.

is nilpotent if and only if the group generated

Throughout the paper G denotes the sub—group genera—
ted by two elements A Be Cy,5. H=A-FE T =
B - E where E is the unit of Cy, 4. trX denotes the

m
nxn

trail of matrix X. It is easy to prove that trX,, =n for
each positive integer m if and only if X is unipotent. W
(P Q) denotes the word in free variables P and Q.
We say elements P and Q of G are associative primitive
elements if G is generated by P and (. We also say
that primitive element P is associative with (). Matrix
J, denotes the Jordan-block of order n.

The main result of this paper is

Theorem 1  The free group G generated by two
elements A B € Cy , is unipotent if and only if each
primitive element is unipotent.

To prove this theorem the following lemmas are
useful.

Lemma 1° Let P and ( are associative primi—
tive elements of G. Then the primitive elements which
are associative with P must be in the form P*(Q°P*
where @« BeZ &= 1.

In the following lemmas we assume that G is a

sub—group generated by two elements A Be C,,, and
each primitive element of G is unipotent.

Lemma2 trHB" =0 meZ” (1)

trH"B=0 meZ” (2)

tr( HBHB) =0 (3)

tr( HBHBHB) =0 (4)

Proof It is obvious that Band AB™ is a primitive
element by Lemma 1. So trAB™ = trB™ =n. Thus we
obtain (1) because A =H + E. If we change AB™ into
A"B and use the induction to m we can prove (2).
Pay attention to primitive elements A°’BAB ABA’B and
AB. We have tr ( A’BAB) =0 tr( ABA’B) =0
tr( ABAB) =0 and tr( AB) > =0. From these formulas
together with (1) we obtain (3) and (4) .

If wH'BH'B =0 for all integers i j
with i +j>k=2 then

Lemma 3

“(i-1)"k-i-1)!
Proof Since AB™ is a primitive element by Lem—

ma 1 we obtain trA"BA"B =n. This means that
ir (B + mHB +’”(’§7|‘1)H23 poe g

m(m-1) "'(m—t+1)H,B)2:n
1!

where A = H + E and H'"' = 0( because A is unipo—
tent) .

We may rewrite this formula into the form tr( a, +
am + -+ +am')’ =n or into the form Fy, + F,m +
F,m* + = + F,,m” =0 where F, = tr( aya,) - n
F,=tr( aya, + a,a,) F, =ir( a,a,). Using
Vandermonde determinant we get F, = 0 for each
k(0<k<2t) because m is an arbitrary positive inte—
ger. Now we can easily get formula (5) from F, =0
together with trH'BIFB =0 for all positive integers i j
(i+j>k=2).

If we change trA"BA™B =n into trHA"BHA"B =
0 then we can similarly get formula ( 6). And
trHA" BHA™ B =0 can be got from ( 3) together with the
fact that A and A" B are associative primitive elements.
If trH'BHBH'B =0 for all integers i
j kwithi+j+k>m then

tr( H'BH' BH' B)

Lemma 4

T iV =0 (7)
tr( H BH BH'B) i
”’;”” G-niG-nih-nr -0 H

i>0 >0 k>0

The proof of Lemma 4 is similar to the proof of
Lamma 3. We need only change trA"BA"B =n into tr
(A"B)* =n change trHA"BHA"B =0 into tr( HA"B) *
=0. And it is easy to prove that

Lemma 5 If trtH"BH?B-+-H"B =0 for all inte—
gers i, i, *=* I, with i +i, + - +i, >m then

i|+i,2+Z+i,k=m . Hill?le!z'?:;/:!HAB) = 0 Ea(m &)

Now we see that formulas (1) (2) (5) and
(7) are relatively Eq( 1 m) Eq(m 1) Eq(k 2)

and Eq( m 3).
Naturally eq( m k) denotes equation
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s o{ H' BH-B--H"B)
ij+ig+eHip=m (l - 1) II(L - 1) 2! H.(i - 1) k!
eq( m 3) ( which are

=0eq(m k)

We only proved eq( £ 2)
formulas (6) (8)). Using tr (A"B)’A""'B =n
tr (A""'B)?A™B =n it is induced that

Lemma 6 If wH'BHPBH'B =0 for all positive

integers i j k with i +j+k>m then

wr( HBHBH'B)
A (om0 (%)
>0
i i k
w( HBHBH'B)  _ (10)

itj+k=m (i - 1) !(j - 1) !k!

>0 />0

Similarly we have

If ttH'BH'BH'BH'B =0 for all posi-

tive integers i j k [ withi+j+k+1>m then

tr( H BH BH' BH'B)
(i = 1)1k

Lemma 7

=0 (11)
i+j+k+l=4m
i>0
tr( H' BH BH" BH'B)
i+j+k+l=4m ( i - 1) !j! ( k - 1) !l!

i>0 k>0

=0 (12

All the above lemmas can be used in general
case. The following lemmas are only used in the case
n =8. So we assume that G is a free sub—group genera—
ted by two elements A B e C;,; and each primitive
element of G is unipotent.

If i +j=5 then tf( HBH'B) =0.

Proof We divide the proof into two parts: (1)
H'=0 (1) H'#0.

(1) H* =0. Since AB™ is a primitive element by

Lemma 8

Lemma 1 we obtain trA"BA™B =8. This means that
tr( B +mHB + ’”(’;7'"1)1123 +
m(m-1)(m-2) 'B)? =8

3!

where A = H + E and H* =0( because A is unipotent) .
We may rewrite this formula into the form tr( a, +

a,m +aym’) > =8 or into the form F, + F,m + F,m" +
Fym® =0 where ¥y = tr( aja,) —n F, =r(asa, +
aa,) - Fg=1r( aja;). Using Vandermonde determi-
nant we get ', =0 for each k( 0 <k <6) because m is
an arbitrary positive integer. Paying attention to the
fact that tr( HBHB) =0 we obtain system ( 13) . Simi-
larly from trA" "' BA" B =8( by the fact that A" ~'BA"B

is primitive element) we obtain system
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3 O
%rHBH B g=0

CirH? BHBO)
o . . 0
ng BH’B
LirH? BH? BU
Solving systems ( 13) and ( 14) we obtain
wH’B* =0 wH'B* =0 wHBH’B =0 wHBH’B =
0 wH’BH'B=0 wH’BH'B =0 tH’BH’B =0.
So we obtain tr( H'BH'B) =0 for all integers i j.
(1) H'#0. Let B =( %) g5 We may divide
this part into seven cases by the Jordan-standard form

of unipotent matrix A: diag( J; E) diag( J; J;) diag
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(Js J, E) diag(Jy E) diag(Js J,) diag(J; I:P"H432 O
E) Js. %rHs B E
For example A = diag( J; E). Solving equation e’ B O
Eq(4 1) we obtain x5, =0. With the help of micro— EP‘HBHZB 0=
soft Maple we have tr( H' BH'B) =0 for all positive in— GrHBH’B U
teger i j satisfying i +j > 6 by calculating these trails. Cir i BH? BE

Solving equations Eq(3 1) and Eq(6 2) we obtain
%4y = %5, =0. With the help of micro—soft Maple we
can find that tr( H'BH'B) =0 where i +j=5.

The proof of other cases is similar.

Lemma 9 we have
tr( HBH'B) =0.

Proof Similar to the proof of Lemma 8 divide the
proof into two parts: (1) H* =0 (II) H*#0. Then we

find that (I) have been proved in Lemma 8. Now letus

For all integers i j

prove case ( II) .

(1) H'#0. It leaves only to prove

wH'B* =ul’B® =ul’B* = wHBH’B =
trHBH’B = wH’ BH’B =0

because tr( HBHB) =0 and tr( HBH'B) =0 when i +j
=5.

Once more considering trA"BA"B = 8and trA™"'
BA™B =8 we obtain systems
1

=
—_

O- — -0 0 0 O
0 4 3 2 0
0 0
0 Oy
ct 1 4, 1 _1 _10
B 4 6 2 2 45
ol 1 10
U12 0 0 0 3 4 U

rH'B®

E&H‘BZ g

hH'B* 0O 0

%rHBHZB E_

EtrHBmB E

CheH*BH*BO

1 1 1
0— - 2q
DIZ 0 0 0 3 4 0
O O
D—% % 0 1 —% -10
0 Oy
o2 3, _5 8 50
512 2 2 3 4 B
o7 13 ) 3 _4 10
0= 3 6 2 3 2 U

From these systems we can obtain
twH'B* =wH’ B’ = wH’B’ = tHBH’B =
tHBH® B = twH’ BH’B =0
Lemma 10 trw( A B) =8 where the whole pow-
er of A or B is at most 2 in word w( A B) .

Proof First we have tr( H'BH'B) = 0 for all
integers i j. Similarly tr( T'’AT'A) = 0 for all integers
i j. This means that trw( H B) = 0 where the whole
power of B is at most 2 and trw( T A) =0 where the

whole power of B is at most 2. So when the whole
power of A is at most 2 we have trw(A B) =
ztrwm(A T) +trA" =0 +8 =8 where kis 1 or2
and there are no more than two A in each word
w,(A T). So does trw(A B)
power of B is at most 2.

tr( HB) * =0 where k=1 2 -+ 5.

We have proved the cases when £ =1

= 8 where the whole

Lemma 11

Proof
2 3 (see Lemma 2) .

Since AB®> and AB are associative primitive
elements we have AB>ABAB is primitive element by
Lemm 1. Consequently

8 = tr( AB°’ABAB) = tr( HB°’HBHB) +
B* + Z trw,( H B)

Where the whole power of H is no more then 2 in
each word w,( H B) . So we have tr( HB*HBHB) =0.

Because AB is primitive element so we have

8 = tr(AB)* = 4tr( HB®HBHB) + uB* +

u( HB)* + Y tw(H B)

Where the whole power of H is no more than 2 in
each word w,( H B) . Consequently tr( HB) ‘=0.

Notice that AB and B are associative primitive ele—
ments we obtain tr( AB) *B*> =8 by Lemma 10. Simi-
larly we obtain

tr( AB) *B =tr( ABAB’AB*) =tr( AB)’ =8
Solving these equations and using Lemma 10 we

obtain tr( HB) ° =0.
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Lemma 12 If trH' B BH' BH'B =0 for all posi—

tive integers ¢ j k lwith i +j+k+[>m then

ipIr DIk DI
t.r(HBHl.?HBHB) -0 (15)
it (0= 1)1 = 1) LELI
i>0 >0
i D7 k !
Z . tr(Hl:f’HBHBHB) =0 (16)
i+j+k+l=m (L - 1) '(] - 1) I(k - 1) 'l!
i>0 />0 k>0
tr( H B BH' BH'B) _ 0
e, (=D NG =D HE -1 (L =1)!
i>0>0 k>0 1>0
(17)

The method of proof has been used above several
times so we ignore the proof. It must be remarked that
the results of Lemma 10 has to be used to prove Lemma
12.

Lemma 13 If matrices A and B have a common
invariant vector then group G is uniportent.

This is the direct consequence of theorem B.

Proof of theorem 1

Let B =(x;) 4.5- We may divide this part into 11
parts by the Jordan-standard form of A as follows: Jg

diag(J, E) diag(J, E) diag( J, J,) diag( Js
E) diag( Js J, E) diag(Js J;) diag(J; E) diag
(-]4 J4) diag( Jo T, Jz) diag( Ji Js E).

(1) A=J;s. Solving equation Eq(7 1) we obtain

xg =0 and trH'BH'B =0 where i +j >12. Solving Eq
(6 1) and eq( 12 2)
trH'BFB =0 where i +j >10. Continue so
Eq(m k) andeq(m k)

we obtain x,, =xg =0 and
solving

we obtain that matrix B has

form
i X2 X3 Xy X5 X X7 X[
O O
D“zl Xpp  Xoz Xy X5 Xy Xp7 X 0
Ho X3 X3z Xzq X35 X3g X3y Xag O

0 ) 0

00 0 w3 %y K45 Xy Xy Xy
BO 0 0 s x5 X5 Xs X B (18)
BO 0 0 0 x5 x4 %o X B
go 0 0 0 0 w4 x5 240
EO 0 0 0 0 0 wgy 2 E

Now we take M =B™" then A and M are associa—
tive primitive elements. So M also has form ( 18) . Let
M=(m;)q,s thenm,is a function of x;. Solving sys—
tem Eq(1 1) Eq(2 2) Eq(3 3) eq(2 2) eq
(3 3) and (9) (10) ( where m =3)

with mg; =mg, =mg =0 my =my, =my; =0 mg =

together

mg, =mg =0 we obtain x; ; =0 where 1=1 2 --- 8.
Thus we proved that A and B are all upper-irian—
gular unipotent matrix. So group G is unipotent.
Similarly we can prove the parts when matrix A is
one of the following forms: diag( J, E) diag( J; E)
diag( Jg J,) diag(J; E) diag(Js J, E).
remarked that the proofs are more complex.

For example if A =diag( J, E) the proof is di—

It must be

vided into two cases (i) ag; =0 and (i) xg #0. Not
only equations mentioned in the proof of ( I) but also
equations ( 11) (12) (15) (16) (17) and
tr( HB) " =0 (where k=1 2 -+ 5) are used. Then

we conclude that matrix B has form

X % X3 Xyg X5 Xy X7 Xyg [
BO Koy Koy Koy  Xps  XNpg Xy Nog B
%O 0 x5 X3 X35 x5 x5, O B
go o Xy X5 X Xy 00
200 0 0 w oxg x, O0p
Bo 0 0 x4 %o O B
0o 0 0 0 %, 00O
E 1 xg Xgy Mgy Xgs  Ngg KNgy  Xgg E

From this it is induced that A and B have a com—

mon invariant vector. So we finish the proof by Lemma
13.

(M) A = diag( J5 J;) . Solving equation Eq( 4
1) we obtain x5, =0. Now calculating with micro —
soft Maple we obtain trH'BH'B = 0 where i +j > 6
trH'BFBH'B = 0 where i +j + k >9. So we should
Eq(6 2) Eq
In the following part

solve some equations like Eq(3 1)
(9 3) eq(6 2) eq(9 3).
we ignore the reason and directly write the equations.
Solving Eq(3 1) Eq(6 2) Eq(9 3) eq(6
2) eq(9 3) weobtain (IT-1) x,, =x5, =25 =0
or (I1-2) x, =x5 =25 =0. We choos the case (1l
—1) and the other cases can be similarly proved.

(II-1) x, =x5 =24 =0. Solving Eq(3 1) Eq
(5 2) eql5 2)
(II-1-2) x; =24, =0. As we said early we choos
the case (I1-1-1) .

(IT-=1-1) x4 =0. Solving Eq(2 1) Eq(4
2) Eq(6 3) Eq(8 4) eq(4 2) eq(6 3)

we obtain (11 -1 —1) x5 =0 or
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eq(8 4) and (11)

lutions: (IT—1—=1=1) x5 =%y =45 =253 =Xg; =Xgg =

(12) we obtain three sets of so—

0 (IM=1-1=2) x; =x4 =% =%5; =% =% =0
(I-1-1-3) x; =%, =% =x5 =0. We only
choos the first case.

(IT-1-1-1) Solving Eq(3 2) Eq(4 3)
Eq(6 4) eq(3 2) eq(6 4) and (11) (12)
(15) (16) (17) we obtain (1) x; =x4 =0 (i)
Nyg =%y =%y =% =0 (i) 236 =24 =25 =0

We assert that if P and Q (in G) are associative
primitive elements then trP’Q’ =8.

First if P is one of J; diag( J, E) diag( J,
E) diag(J, J,) diag(Js E) diag(J; J, E) then
as we proved G is unipotent. So trP’(Q’ =8. Second
if P is one of diag( J, J,) diag(J, J, J,) diag( J,
J; E) then (P -E)*=0. Let H, =P - E then
P'=E-H, +H, - H,. Notice that P™'(Q" is primi-
tive element we have tr( P~' Q) =8. Considering tr
(P7' Q%) =8 together with Lemma 10
tr( Hi Q’) =0. Consequently

8 =trQ’ =trQ’ + trHi o’ +3trH; Qo+
3uH, Q° =uP’Q’.

Third if P =diag(J; J;) we also have tr( P~' Q%) =
8 where P™' = E — H, +Hi —Hi + Hi Because we
we have tr( H; Q) =

0. There leaves proof similar to the second case. Thus

we have

have already proved Eq(4 3)

we proved the assertion.
Similarly we can also prove the fact that
tr( P>QPQ* + P>Q*PQ) =16.
Using Lemma 10 we can reduce the formula:
tr( HB) * =we( AB - B) ° =144 —61( (AB) *B’ +
ABAB’AB’ + ABAB’AB?)
where
tr( ABAB’°AB’) =tr (AB*(AB) "')*(AB)” *
(AB*(AB) 7') (AB)
tr( ABAB’AB*) =tr (AB’(AB) "')*(AB) -
(AB*(AB) ") (AB)* .
Thus we have tr( HB) ° =0.
Solving equations Eq ( m k)
tr( HB) " =0( where k=1 2 -+ 6) (11) (12)
(15) (16) (17) and t( H'B’) =0( where k
Z") we conclude that B has one of the following

eq(m k)

forms:

(F1n X X3 Xy X5 X X7 X[

Ho

] Xy Xz Xpg  Xps Xy Xp7 g B
BO 0 x5 x5 x5 0 ay a5 B
0o 0 0 x4y x5 0 xy [
O O

00 0 0 0 x5 0 0 wyp
Oco, % X X Xes Xes KXer K

00 0 x5 x5 255 0 2 2,400
g0 0 0 xg x5 0 0 xg %

K11 X X3 Xy X5 X X7 Xgg[]

Ho

] Xy Xz Xpg Xps Xy Xp7 g B
BO 0 x5 x5 x5 0 ay ay B
00 0 0 wy xs 0 0 x40
O O

DO 0 0 0 x5 O 0 g 5
Dxel X Moz  Xes Xes  Xeg X7 Xeg

00 x5 %53 % %5 0 x5 250
U U
g0 0 0 xgy x5 0 0 g
K1 X X3 Xy X5 X X7 Xy [
O 0
an Xy Xz Xpg Xps Xy Xp7 g B

BO 0 x3 23 x5 00 9‘738%
00 0 0 x4y x5 0 0 x40

200 0 0 x 0 0 xp

Bxel Xeo  Xez3  Xea Xes  Xeg  Xe1  Xes

Ly Mgy Xgz Xy

%0 0 0 xg x5 O 0 xssg

%5 0wy x50

K11 X X3 Xy X5 X X7 X[
O 0
EfCZI Xpp Xz Xpg Xps Xy Xp7  Xpg 0

do Xy Xy Xy Ay 0 xy x%sm

O ) - ’ - ) -0
0o 0 x5 x4 x5 O 0 x40
O O

00 0 0 0 x5 0 0 0f

Bxel Xeo  Xez3  Xea Xes  Xeg  Xe1  Xes

Ly Mgy Xgz Xy

%0 0 0 xg x5 O 0 xsgg

x5 0 a0 a0

Since B has one of the above forms and A = diag
(Js J;) we conclude that A and B have a common in-
variant vector. So we finish the proof by Lemma 13.

We ignore the proof of other cases because it is
similar.

Remark 1) We proved theorem 1 based on theo-
rem B. But this is not necessary. We can prove step

by step the case n =1 2 3 4 5 6 7 with the same
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method and then prove theorem 1.

2) Until we finished the paper we have not con—
vinced that we can prove the case n =9 in this way be—
cause of the following reasons. First we have not
proved that all the equations mentioned above are also
correct in the case n =9. Second equations are not e—
nough even if we can prove that all the equations men—
tioned above are also correct. Third it is difficult to
calculate the trails of matrix of order 9 even with the
help of Maple.

We deal with only unfinite group because there
are diferent methods used in studying finite groups so
theorem 1 can be easily proved when the group is

7 . But these the methods are not benefitial to

finite °~
the case of unfinite goups.

Our results are of great benefit to the study of Lie
algebra. An interesting problem in studying Lie algebra

8-9 .
Our results can be also rewritten

is nilpotency
as: The Lie algebra generated by two nilpotent matrices
A B e Cy . is nilpotent if and only if each primitive el-
ement of free group generated by £ +A E + B is unipo—

tent.
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